In this paper, the mean-square asymptotical heterogeneous synchronization of interdependent networks with stochastic disturbances, which is a zero-mean real Wiener process, is investigated. The network discussed consists of two sub-networks, which are one-by-one inter-coupled. The unknown but bounded nonlinear coupling functions not only exist in the intra-coupling but also in the inter-coupling between two sub-networks. Based on the stochastic Lyapunov stability theory, adaptive control, Itô formula and the linear matrix inequality, several sufficient conditions are proposed to guarantee adaptive mean-square heterogeneous asymptotical synchronization of the interdependent networks. In order to better illustrate the feasibility and effectiveness of the synchronization conditions derived in this brief, numerical simulations are provided finally.
Introduction
Interdependent networks are a special form of complex networks which are coupled by two or more sub-networks. With the progress of science and technology, there are more and more dependencies in different infrastructures or systems. Most of the modern society infrastructures or systems are interdependent networks, such as electric-calculator networks [1] , traffic-transportation networks [2] , and so on. A typical example for interdependent networks is the Italian electrical destruction on Sept. 28th, 2003. The shutdown of power stations directly led to the failure of nodes in the computer networks, which in turn caused deeper breakdown of power stations [1, 3] . Buldyrev et al. firstly proposed the interdependent networks in 2010, which opened the new chapter of complex networks [4] . They reveal that the failure of a node in one sub-network may cause the failure of interdependent nodes in other sub-networks. The investigation and growing understanding of the interdependent networks will enable us to make the infrastructures we use in everyday life more efficient and more robust. From then on, the investigation of interdependent networks became an issue of focus in the network science [5] .
Recently, there have been some results for interdependent networks [6] [7] [8] [9] [10] [11] [12] . In Ref. [6] , Zhang et al. extended the system's robustness under different attack strategies. In Ref. [7] , Ji et al. improved the robustness of interdependent networks by adding connectivity. In Ref. [8] , Xu et al. studied the generalized mutual synchronization between two controlled interdependent networks. In Ref. [9] , the authors explored the local adaptive heterogeneous synchronization for interdependent networks with delayed coupling consisting of two sub-networks. In Ref. [10] , the author proposed new methods for improving the robustness of interdependent networks. In Ref. [12] , the author studied the coevolution of strategy and network interdependence. When investigating interdependent networks, stochastic disturbances are inevitable and should be considered. They exist everywhere [13] [14] [15] . Interdependent networks usually are affected by stochastic disturbances. For example, information transmission is a noisy process, which may affect the accuracy of messages. However, until now, there has been little research on interdependent networks with stochastic perturbations.
Synchronization is an interesting and meaningful issue in the research of complex networks. The investigation of synchronization for dynamical systems was initiated in the early 1980s for deterministic chaos. At present, many scholars have explored the synchronization of complex networks [16] [17] [18] . Due to the disturbances of networks, there have been many works in the field of synchronization for complex networks with stochastic disturbances [19] [20] [21] [22] [23] [24] [25] . In Ref. [19] , the finite-time stochastic synchronization of time-delay neural networks with noise was investigated. In Ref. [23] , the author studied the finite-/fixed-time pinning synchronization of complex networks with stochastic disturbances. In Ref. [24] , the synchronization between each node in the drive layer and its counterpart in the response layer of this sort of duplex networks with delayed nodes and noise perturbation is explored. Though there is increasing research relating to the synchronization of interdependent networks [8, 9, 26] , few people have explored the synchronization problem of interdependent networks with stochastic disturbances.
Motivated by the above-mentioned issues, in this paper, we discuss the synchronization of interdependent networks with stochastic disturbances. The whole of the networks consists of two sub-networks with "one-by-one" interdependence. Based on the stochastic Lyapunov stability theory, adaptive control, the Itô formula and the linear matrix inequality, some control schemes related to mean-square heterogeneous synchronization are obtained in this paper. In the end, some simulations verify the feasibility and effectiveness of our conclusions.
Preliminaries
Considering interdependent networks which have two sub-networks G 1 and G 2 , each subnetwork consisting of N identical dynamical nodes with nonlinear couplings and stochastic disturbances. It can be characterized by
where 
Adding suitable controllers u k i (t) to the interdependent networks (1), we get
Definition 1 (Mean-square heterogeneous asymptotical synchronization) The interdependent networks (1) are said to achieve mean-square heterogeneous asymptotical synchronization if
where
is a solution of an isolated node of the kth sub-network, namelẏ
Equation (6) can be rewritten aṡ
Remark 1 In this paper, we mainly discuss the mean-square heterogeneous asymptotical synchronization of interdependent networks (4) under the controllers u k i (t).
In order to better illustrate the results of this paper, the following assumptions and lemmas are introduced.
Assumption 1
Suppose that there exists a constant matrix L r with appropriate dimensions such that
, and denoteĤ = (ĥ ij ) n×n ∈ R n×n , whereĥ ij is the maximum value of
, and letH = (h ij ) n×n ∈ R n×n , whereh ij is the maximum value ofh ij (t).
Assumption 3
Suppose that there exists a constant matrix L r with suitable dimensions such that
Let the synchronization error be e
. Then the error system can be described as
Remark 2 The mean-square heterogeneous asymptotical synchronization for interdependent networks (1) also can be obtained if
Therefore, in the following, we mainly discuss the mean-square heterogeneous asymptotical stability at the origin for the system (8).
Remark 3 Let I represent the identity matrix with the appropriate dimensions.
Lemma 1 ([27]) For any matrices X, Y ∈ R
n×n , the following matrix inequality holds:
T and S(x) all the functions of x, the following linear matrix inequality:
is equivalent to any of the following conditions:
Main results
In this section, according to stochastic Lyapunov stability theory, adaptive control method and the Itô formula, combined with the linear matrix inequality, with suitable adaptive controllers, adaptive mean-square heterogeneous asymptotical synchronization of the interdependent networks (1) is investigated. 
Theorem 1 Suppose that Assumptions 1-3 hold, and there exist two positive matrices P and Q, such that
and the adaptive law
where d is the estimation of d Proof According to control law (11) and adaptive law (12), we can rewrite the error system (8) in the following form:
Construct the following Lyapunov function:
Then with the Itô formula, the derivative of V (t) on the system (13) is as follows:
With Assumption 1 and Lemma 1, we have
Furthermore, using Assumption 2 and Lemma 1, we have
Using the same method, we have
With Assumption 3, we have
Therefore, according to the discussion mentioned above, equality (15) is
in which
and
According to stochastic Lyapunov stability theory, we can guarantee the mean-square heterogeneous asymptotical synchronization of interdependent networks (1) under the adaptive control law (11) if
At the same time, it should be noted that the inequality (17) is not the standard linear matrix inequality, it can be written equivalently as inequality (10) with Lemma 2.
Thus, the proof is completed.
The discussions above tell us that if there exist two positive matrices P and Q satisfying LMI (10), then the interdependent networks (1) with stochastic disturbances reach mean-square heterogeneous asymptotical synchronization. When there are no stochastic disturbances, with similar methods to the proof of Theorem 1, Corollary 1 leads to the interdependent networks (1) to adaptive heterogeneous synchronization.
Corollary 1 Suppose Assumptions 1-3 hold. If there exist two positive matrices P and Q, such that
then the interdependent networks (1) without stochastic disturbances reach adaptive heterogeneous synchronization under the control law (11) and the adaptive law (12).
Simulations
In this section, some examples are shown to verify the feasibility and effectiveness of the conditions presented in Sect. 3. The sub-network G 1 is a BA network which consists of 100 nodes, where the average degree is 6.0800, the average path length is 2.5440 and the clustering coefficient is 0.2094. The sub-network G 2 is a SW network which has the same nodes. Among them, the average degree is 10.4000, the average path length is 2.4180 and the clustering coefficient is 0.4191. All the simulations take the Rössler system and Lü system as the dynamical system of the nodes in the sub-network G 1 and the sub-network G 2 , separately. The Rössler system can be described by [29] 
where a 1 , a 2 , a 3 are real constants. While a 1 = 0.5, a 2 = 0.2, a 3 = 5.7, the Rössler system is chaotic. At the same time, the Lü system can be described by [29] 
When b 1 = 36, b 2 = 20, b 3 = 3, the Lü system is chaotic. Let the coupling functions be as follows:
In addition, we let
and With the suitable controllers (11), the trajectories of the error systems tend to zero quickly in Figs. 3 and 4 . They tell us that the interdependent networks (1) have reached its mean-square heterogeneous asymptotical synchronization. It is worth noting that the adaptive law also reaches the stable values while the error systems are asymptotically stable at the origin (see Figs. 5 and 6 ). They show the feasibility and effectiveness of the conditions provided in this paper.
Conclusions
In the real world, many critical infrastructures or systems interact with and depend on each other. Recently, protecting and improving such critical infrastructures or systems using network science has become more and more important. In this paper, we mainly investigate the mean-square heterogeneous asymptotical synchronization of interdependent networks with stochastic disturbances. Compared with Refs. [19] [20] [21] [22] 30] , our net- works not only have the intra-coupling connections but also have the inter-coupling dependence with each other. Compared with Refs. [13, 14] , stochastic disturbances exist our networks. Based on the stochastic Lyapunov stability theory, adaptive control, the Itô formula and the linear matrix inequality, some sufficient conditions are given to ensure the mean-square heterogeneous asymptotical synchronization for the interdependent networks. Finally, some illustrative examples are given to verify the accuracy and effectiveness of the proposed theory. Simulations show that the given results in this paper perform very well. The results and understandings of this paper can be instructive for protecting or building more realistic interdependent networks, such as electric-calculator networks and aviation-railway-road networks with stochastic disturbances. It also can be used to deal with the problems of networks of networks. 
